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ABSTRACT: A drying cake (DC) method is invented for measurement of the suction-stress characteristic curve (SSCC), the
soil–water-retention curve (SWRC), and the hydraulic conductivity function (HCF) of soils under drying conditions. The DC method employs par-
ticle image velocimetry (PIV) technique to acquire digital still images of the radial displacement field of a disk-shaped soil specimen during drying,
while the moisture content of the specimen is recorded using an electronic balance. A linear elasticity theory employing the suction-stress-based
effective stress in both total and incremental forms is developed to calculate suction stress, suction, and hydraulic conductivity from the moisture-
content-dependent displacement fields; thus permitting definition of the SSCC, SWRC, and HCF of a soil. Five different soils, representing a wide
spectrum of soil variety from pure sand, to silt and organic silt, to non-swelling and swelling clays are used to illustrate and test the principle and
theory, the validity, and applicability of the DC method. Established measurement techniques for the constitutive relationships of unsaturated soils,
such as the Tempe cell, constant flow, transient water release and imbibition, and shear-strength relationships were used to validate the DC method.
The results from the DC method were found to compare well with those techniques. Repeated DC tests confirm that the results from the test are
unique. It is shown that the DC method is superior to other existing methods in: (1) providing simple and accurate data acquisition (involving
taking sequential digital still images and monitoring specimen’s moisture content by an electronic balance without use of suction or moisture
probe), (2) facilitating fast testing time (in less than one week for the primary drying path of the SSCC, SWRC, and HCF), (3) permitting concur-
rent measurement of the SSCC, SWRC, and HCF by using one soil sample, and (4) its applicability to all types of soils under wide suction and
moisture-content conditions.
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Introduction

The constitutive relationships between soil–water potential (i.e.,
suction) and soil-moisture content is known as the soil–water-
retention curve (SWRC) (e.g., van Genuchten 1980), whereas that
between hydraulic conductivity and soil moisture is known as the
hydraulic conductivity function (HCF) (e.g., Mualem 1976). The
SWRC and HCF are two material properties necessary in describ-
ing soil moisture distribution and movement under variably satu-
rated conditions. The constitutive relationship between suction
stress and soil-moisture content or soil suction is known as the
suction-stress characteristic curve (SSCC) (Lu and Likos 2004,
2006). The SSCC has been recently shown to fully define changes
in effective stress under varying saturation conditions for all types

of soils (Lu and Likos 2004, 2006). Recently, it has been shown
both experimentally and theoretically (Lu and Likos 2006; Lu
et al. 2010a) that these three constitutive relationships are intrinsi-
cally related.

Experimental characterization of the SWRC, HCF, and SSCC
are critical for analysis of the mechanical behavior of unsaturated
soils under natural and engineered environments. As such, many
methods have been developed for measuring the SWRC, HCF, or
SSCC under both laboratory and field environments by employing
experimental and empirical approaches. The common experimental
devices for measurement of the SWRC are the Tempe cells, pres-
sure plate, tensiometer, psychrometer, filter paper, and humidity
chamber (e.g., Spanner 1951; Hilf 1956; Gee et al. 1992; Houston
et al. 1994; Likos and Lu 2003). The common methods for
measuring the HCF are the constant head, outflow, instantaneous
profiles, cone permeameters, and constant flow techniques
(e.g., Richards and Weeks 1953; Daniel and Benson 1990; Olsen
et al. 1991; Gribb 1996; Lu et al. 2006). The common methods
for measuring the SSCC are triaxial, direct shear, and tensile
strength tests (e.g., Donald 1956; Bishop 1961; Lu et al. 2007). In
general, the existing laboratory techniques involve: (1) complex
requirements for measurement and control of suction in failure-based
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tests, (2) time-consuming and demanding testing time of weeks,
months, or longer, (3) limits in the ranges of suction or hydraulic
conductivity, which can be measured (typically only in 2–3 orders
of magnitude away from saturated conditions), (4) limits under
drying condition,, and (5) limits to certain types of soils. Recently,
a new technique, the transient water release and imbibitions
(TWRI) method, was introduced by Wayllace and Lu (2012). The
TWRI method addresses all four aforementioned limitations and
combines a simple, fast, accurate water-content-change measure-
ment and robust inverse modeling algorithm for measuring the
SWRC, HCF, and SSCC of all types of soils under drying and
wetting conditions.

The traditional methodology for the characterization of me-
chanical behavior of unsaturated soils involves failure tests, such
as direct shear, triaxial shear, and tensile strength. Perhaps for this
reason, differences in the mechanical behavior of soils between
saturated and unsaturated states have been focused on and deeply
entrenched in development of theories relating the change in shear
strength with independent changes in suction or total stress.
Recently, Khalili and Kabbaz (1998), Khalili et al. (2004), and Lu
and co-workers (Lu and Likos 2004, 2006; Lu 2008; Lu et al.
2010) demonstrated that the differences in shear strength of satu-
rated and unsaturated soils fundamentally originates from changes
in effective stress, although the experimental evidence they
employed was mostly from failure tests in the broad literature.
Because an effective stress, by definition, should not only be
“effective” in describing strength behavior, but also in describing
strain and deformation (Terzaghi 1943); it should be possible to
define the effective stress from non-failure stress–strain tests.

This work introduces a methodology of non-failure, deforma-
tion-based technique, namely a drying cake (DC), to quantify the
SSCC, SWRC, and HCF of soils under drying conditions. The
DC method employs particle image velocimetry (PIV) technique
to acquire digital still images of radial displacement field of a
disk-shaped soil specimen or “cake” during drying, whereas the
moisture content of the specimen is recorded by an electronic bal-
ance. The cake is either unconfined (for cohesive soil) or confined

(for non-cohesive soils). A linear elasticity theory employing the
suction-stress-based effective stress in both total and incremental
forms is developed to calculate suction stress, suction, and hy-
draulic conductivity from the moisture-content-dependent dis-
placement fields, thus permitting definition of the SSCC, SWRC,
and HCF of a soil.

Working Principles of the DC Method

The DC method applies the PIV technique (White et al. 2003) to
acquire time-sequence displacement fields of a drying cake and a
linear elasticity solution of the displacement field to infer suction
stress as a function of drying cake’s moisture content. The PIV
technique is an image processing algorithm that implements the
patch-matching principle through a sequence of digitally captured
images of an object, in this case, the drying cake. The working
principle to identify the displacement of a point on the surface of
the drying cake is illustrated in Fig. 1. The PIV uses a grid of
patches laid out over the area of interest at the locations for which
a displacement vector is to be found. Each patch is then translated
at 1-pixel intervals over a pre-defined search zone. At each posi-
tion, the degree of matching between the sample patch and an
interrogation patch taken from the same location in the subsequent
image is assessed. This comparison process produces a map of
“degree of match” over the entire search zone. Spline interpolation
in the zone of best match allows the patch displacement to be
assessed to sub-pixel precision. The procedure described for eval-
uating a single displacement vector is repeated for the entire grid
of test patches, producing the displacement field between the
image pair. The analysis is continued by substituting the second
image (t¼ t2) with a subsequent image (t¼ t3). The analysis is
repeated commonly by comparing the first and third images, the
first and fourth, etc. (White et al. 2003). The analysis can also be
done by comparing the subsequent images (i.e., t1 and t2, t2 and t3,
t3 and t4, etc.). Both types of analyses were used in this study. For
sandy soils, the first type of analysis was used because the

FIG. 1—Illustration of working principle of the PIV technique for displacement field computation.
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incremental displacements are small and it was easier to capture
the displacement between the first and the other pictures rather
than capturing the displacement between subsequent pictures. For
silts and clays, the second type of analysis was used. Detailed in-
formation about this method can be found in White et al. (2003).
Because the moisture contents are recorded each time the images
are taken, displacement vector field at each moisture content is
measured.

The working principle of the DC test is illustrated in Fig. 2. A
disk-shaped soil cake, prepared at a desired porosity, is left to dry
from its saturated or nearly saturated state. The drying cake is
placed on a smooth and flat base coated with a thin layer of Vase-
line or vacuum grease so that the friction between the cake and its
supporting base is minimized. Thus, the drying cake is under no
or nearly zero total stress conditions and the sole driving stress re-
sponsible for soil shrinking/swelling is the suction stress at each
point within the cake. Moisture content of the drying cake is
closely recorded by an electronic balance. A digital still camera is
mounted directly above the drying cake and images of the drying
cake are taken periodically during the drying process. The drying
rate can be controlled by emplacing the balance and the drying cake
in a sealed chamber with a controllable valve so that the moisture
content within the cake remains relatively uniform. The evapora-
tion is mainly through the top surface of the cake. The drying pe-
riod with an acceptable evaporation rate is typically 3–6 days for
all types of soils. During this period, 20–50 pictures are taken at
different times. These pictures are processed by the PIV technique
to determine the displacement vectors throughout the soil. By ana-
lyzing at the displacement vectors, the center of the displacement

field can also be determined. The location of the center may move
from time to time as the tiny friction between the base and the
cake varies with time, but the trajectory is traceable. This informa-
tion is very important in processing the displacement fields, as it
will be shown later.

In general, the elastic modulus of the soils is non-linearly de-
pendent on moisture content; it increases as the moisture content
decreases. Thus the incremental form of the elastic solution will
be used with the dependence of the elastic modulus on the mois-
ture content measured independently from a uniaxial unconfined
compression test performed on an identically prepared cake. With
the information of moisture content or time-dependent fields of
displacement vector, elastic modulus, and the center location of
the displacement, suction stress can be calculated by an analytical
equation derived from a linear elasticity theory shown in
Appendix A:

rs hð Þ ¼ �E hð Þur r; hð Þ
1� lð Þr hð Þ (1a)

or

ur r; hð Þ ¼ � 1� lð Þr hð Þrs hð Þ
E hð Þ (1b)

where rs(h) denotes the suction stress at the volumetric moisture
content h, ur(r,h) denotes the moisture-dependent radial displace-
ment at a specific distance (r) from the center of displacement
field, E(h) denotes the moisture-dependent elastic modulus of the
soil, and l stands for Poisson’s ratio.

If the PIV analysis is done between two sequential images of
m and mþ 1, changes in suction stress between these two

FIG. 2—Illustration of working principle of the DC method.
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moisture contents can be done by taking the total differential form
of Eq 1a:

Drs hð Þ ¼ � ur r; hð Þ
1� lð Þr hð ÞDE � E hð Þ

1� lð Þr hð ÞDur

þ E hð Þur r; hð Þ
1� lð Þr2 hð ÞDr (2)

The first term on the right-hand side of Eq 2 accounts for the
change in suction stress caused by change in elastic modulus, the
second term reflects the change in suction stress caused by the ra-
dial displacement field, and the third term captures the change in
suction stress caused by the drifting of the center of the radial dis-
placement field. Depending on the number of patches k imposed
on the drying cake, the average suction-stress change of the cake
at the moisture content h from image m to image mþ 1 is the
mean of the entire patch population of the cake:

rs hð Þ ¼ 1

k

Xk

j¼1

Drs
i hð Þ (3)

Typically, 500 to 1000 patches for each cake are sufficient to
produce statistically satisfactory values of suction-stress
measurements.

The cumulative suction stress developed from the full satura-
tion state (zero suction stress) to the current moisture content h
can be calculated by numerical integration of Eq 3:

rs hð Þ ¼
Xm

i¼1

Drs
i (4)

where m denotes the number of intervals between the two conse-
quent images in the total mþ 1 images taken from the full satura-
tion state to the current moisture content h.

If a total of M images are taken during a complete drying test,
there are M - 1 pairs of suction-stress and moisture-content data
points. Typically, 20–50 images are sufficient for a complete DC
test. These points are then used by applying a least-squares fitting
algorithm to the following closed form equation for the SSCC (Lu
and Likos 2004; Lu et al. 2010a) to determine the parameters a, n,
and hr of the van Genuchten (1980) SWRC relationship:

rs hð Þ¼ � 1

a
h� hr

hs�hr

h� hr

hs�hr

� � n
1�n
�1

( )1=n

(5)

where hs is the porosity known in advance, and hr is the residual
moisture content experimentally determined at the end of a DC
test. The fitted parameters a and n is then used by applying van
Genuchten’s (1980) model to define the SWRC and Mualem’s
(1976) model to define the HCF of the soil, namely:

h� hr

hs � hr
¼ 1

1þ a ua � uwj j½ �n
� �1� 1

n
(6)

k ¼ ks

1� a ua � uwj jð Þn�1 1þ a ua � uwj jð Þn½ �
1
n� 1

� �2

1þ a ua � uwj jð Þn½ �
1
2� 1

2n

(7)

where ks is the saturated hydraulic conductivity measured inde-
pendently by a conventional method, such as the constant head
method.

Experimental Program

Soils

Five different soils representing a wide spectrum of soil types
were selected to demonstrate the DC test, including Esperance
sand, Elliot Forest silt, Golden silt, non-expansive Georgia kaolin-
ite, and expansive Denver bentonite. Esperance sand is fine sand
collected in a landslide-prone area near Edmonton, WA (e.g.,
Godt et al. 2009), Elliot Forest silt is an organic-rich silty soil col-
lected from Elliot State Forest, Coos Bay, OR (Morse et al. 2012).
Golden silt is a silty soil collected near Colorado School of Mines
in Golden, CO. Georgia Kaolinite is a widely used, commercially
available non-expansive clay (e.g., Likos and Lu 2003). Denver
bentonite is a Ca-Montomorillinite widely spread in the Front
Range of the Rocky Mountains and was obtained near Morrison,
CO (Likos and Lu 2002). The soil classifications and geotechnical
properties of these soils are summarized in Table 1.

The DC Tests

The DC test system consists of two independent apparatuses for
the DC testing and elastic modulus testing, as shown in Fig. 2.
The first apparatus is used to measure the moisture-content-
dependent radial displacement field and the center location of the
radial displacement shown as the second and third term in Eq 2.
The second apparatus measures the moisture-content-dependent
elastic modulus shown as the first term in Eq 2. The DC testing
apparatus consists of five main components as shown in Fig. 2.
They are (1) an electronic balance with a precision of 0.01 g to
measure the water content of the drying cake, (2) a digital still
camera with 15 megapixels resolution to take images of the drying
cake, (3) a soil cake in a ring that constrains up the soil during
cake preparation, (4) a computer that is used to record the weight
on the balance and images from the camera, and (5) a plastic con-
tainer with a lid to maintain and control the evaporation or drying
rate during the DC test. Two LED lights are also used for better
illumination while minimizing heat generation. From some pre-
liminary theoretical calculations and experimental trials for the
displacement range and the camera pixel resolution, rings with
different diameters are used for different types of soils. The small
ones having a diameter of either 6.35 cm or 5.50 cm are used for
clay and silty soils to avoid any development of cracking during
the DC tests. The medium ones having a diameter of 11.89 cm are
used mostly for silts. The large ones having a diameter of
17.50 cm are used for sandy soils to increase the resolution of the
displacement field. The ring around the soil also permits one-
dimensional evaporation on the cake surface.

TABLE 1—Soil classification and geotechnical properties.

Classification LL (%) PL (%) PI (%) Gs v (assumed)

Esparance sand SP — — — 2.65 0.25

Elliot Forest silt OL 29 26 3 2.55 0.25

Golden silt ML 31 17 14 2.65 0.25

Georgia kaolinite CH 44 26 18 2.66 0.25

Denver bentonite CH 118 45 73 2.70 0.25

4 GEOTECHNICAL TESTING JOURNAL
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To ensure that the results are repeatable, comparable, and cover
a wide range of saturation, the soil cake preparation for the DC
testing starts with oven-dried and pulverized soils. To ensure the
drying process is in elastic state, the dry soil is mixed with water
and then statically compacted to the desired porosity in the form
of a cake with a ring providing the outer wall and a porous stone
disk as the bottom. Before compaction, the inner wall of the ring
is treated with vacuum grease to prevent adhesion. The thickness
of the soil cake is about 1 cm for all soils. Saturation of the soil
specimen takes place in a desiccator with a water level close to the
top of the ring and vacuum applied from the desiccator cover.
Because the sample is initially oven-dried and the imbibition starts
from the bottom of the cake, 15–20 min is probably sufficient to
reach full saturation, but 1 h was used for all cake samples. One
hour is used for all cake saturation. To minimize the base fric-
tion, aluminum foil is used to cover a Teflon base and a thin
layer of vacuum grease is coated on top of the aluminum foil.
Low or no friction on all sides of the soil cake is important in
preventing development of any crack during drying. After the
specimen is fully saturated, the coarse porous stone is carefully
separated from the cake and is substituted with the greased alu-
minum foil-Teflon base. The only soil specimen that does not
start with the full saturation is Denver bentonite, as it is a highly
expansive soil that it is difficult to reach full saturation by the
prescribed saturation procedure. Instead, the soil cake is pre-
pared by the standard Proctor compaction test at the optimal
gravimetric water content, which is about 90% saturation (Likos
and Lu 2003).

The saturated soil cake and its base are placed on a balance
that is connected to a computer for recording moisture reduction
by evaporation. At the same time the digital still camera starts to
take images of the drying cake. The camera is also connected to a
computer and it takes images automatically at desired intervals
through software. The DC testing continues until there is little or
no change observed for the moisture content. An evaporation rate
<0.1% of the initial evaporation rate is used as the cutoff for ter-
minating the DC testing. The DC testing is also terminated if the
maximum cumulative displacement is on the order of the PIV re-
solution for 10 h, which is 10-5 m in 10 h. If necessary, such as in
low ambient relative humidity and high-temperature environ-
ments, the drying rate can be controlled by placing the entire setup
in a coverable plastic container with a valve on the cover. Trial
tests have been conducted to ensure that the evaporation rate
applied would not affect the SSCC results (see later on the rate
effect in the repeatability of the DC Test). No visual crack is
expected to be developed during the DC testing, as it is predicted
by the theory shown in Appendix A. This is because both the nor-
mal and shear total stress during the DC testing is maintained at
nearly zero. The only possible small friction created during the
DC testing is the friction between the cake and its base, which is
minimized by the layer of grease. The small friction does cause
the drifting of the cake and is experimentally evidenced in the
drifting of the center of the radial displacement field. The impact
of this phenomenon is fully addressed theoretically in the third
term in Eq 2 and experimentally quantified by capturing the trajec-
tory of the center location (see Results for the DC Tests). In this
work, the DC tests take place around 25 �C (62 �C) room temper-

ature and 31% (610%) relative humidity. Each drying cake test
lasts about 30–48 h.

The Elastic Modulus Tests

To quantify the moisture-content-dependent elastic modulus of
the soils, a separate loading device is used for conducting uniaxial
unconfined compression tests for fine-grained soils and uniaxial
Ko compression tests for coarse-grained soils. The soil cakes iden-
tical in their preparation to those in the DC tests are used. A pic-
ture of the equipment used for these tests is shown in Fig. 2. An
automated loading system by GeoTac is used to conduct the
unconfined compression tests for silty and clayey soils. Starting
from the fully saturated state, from time to time, the drying cake
and its base are taken out from the balance and placed on the load-
ing frame. Vertical loading (vertical stress) is applied with a load-
ing rate of 0.013 mm/min for a maximum strain set to be 2%. This
results in vertical stress ranging between 20� 150 kPa. For sandy
soils, an outer ring is used to hold the soil cake. For each loading,
the linear portion of the stress–strain curve is used to calculate the
elastic modulus from its slopes. A complete unloading is done af-
ter each loading and the drying cake and its base are replaced
back on the balance so that the soil cake will continue drying. For
sandy soils, it is difficult to conduct uniaxial unconfined compres-
sion tests and uniaxial confined compression test is conducted
under the Ko conditions. The following equation (see Appendix B
for derivation) is used to calculate the elastic modulus of sandy
soil:

E ¼ Drz 1� 2�2= 1� �ð Þ½ �
Dez

(8)

where � is the Poisson’s ratio, Drz stands for the vertical stress in-
crement in the linear portion of the stress–strain curve, and Dez is
the corresponding strain increment.

The TWRI Tests

TWRI tests (Wayllace and Lu 2012) were also conducted to
obtain independent measurement of the SSCC, SWRC, and HCF
for the five soils. The TWRI can be performed under both wetting
and drying conditions, but for comparison purposes, only the dry-
ing state SSCC, SWRC, and HCF curves are conducted in the
TWRI tests. The TWRI method integrates physical experiment
and inverse numerical modeling. The transient water release/imbi-
bition is measured by an electronic balance to record the
“signature” transient water release/imbibition of the soil sample.
The signature time-dependent water release/imbibition curve is
then used to constrain a robust inverse numerical model for pa-
rameter identifications. The full TWRI method for both wetting
and drying states, therefore, has two integrated components: test-
ing and modeling, and can be completed in a week. The testing
consists of water release upon a two-step increment in matric suc-
tion and water imbibition upon a one-step decrement in matric
suction. Each process (drying or wetting) is allowed to last suffi-
cient time to obtain the signature time-dependent water-content
curve. The signature curve is then used as an objective function
for a one-dimensional inverse numerical solution of Richards’
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equation to optimally identify the unsaturated hydrologic parameters
that fully define the SWRC and HCF of the soil. In this study, the
inverse modeling is carried out by using HYDRUS 1D (�Simùnek
et al. 1999) with a typical computation time of a few minutes.

For all TWRI tests, the same testing procedure is followed
(Wayllace and Lu 2012). All soil samples are first fully saturated
and zero pore-water pressure is then applied to the specimen for
sufficient time to allow the specimen to reach saturated state equi-
librium. The drying step for the transient water-release curve is
obtained by applying air pressure of 290 kPa while maintaining
pore water pressure at the atmospheric level at the outflow side.
The elevated 290 kPa of air pressure is chosen to ensure sufficient
unsaturated flow occurred in the soils while not exceeding the air-
entry pressure of 300 kPa of the ceramic stone beneath the sample.
One of the advantages of the TWRI method over other axial-trans-
lation-based methods is its capability and high-confident level of
quantifying soil–water-retention behavior above the applied
matric suction. For example, Wayllace and Lu (2012) show that
the residual moisture contents of 16 different soils identified by
the TWRI method for the applied 290 kPa matric suction are accu-
rate within a few % error. More information about this method
can be found in Wayllace and Lu (2012).

Other Tests

The hydraulic conductivity for all five soils in saturated conditions
were measured using the standard constant head methods. The
SWRC, HCF, and SSCC of the five soils were also measured
using different tests under similar or different sample preparation
procedures. Specifically, the filter paper method and humidity
chamber were used to measure the SWRC of Georgia kaolinite
and Denver bentonite (Likos and Lu 2003), the Tempe cell
method was used to measure the SWRC for Esperance sand (Lu
et al. 2006), the constant flow method was used to measure the
HCF of Esperance sand (Lu et al. 2006), and the direct shear test
was used to measure the shear strength and SSCC of Elliot Forest
silt. These data serve as additional reference points for
comparisons.

Results and Validations

As defined by Eq 2, three experimental moisture-dependent func-
tions are needed to obtain moisture-dependent suction-stress data,
namely elastic modulus, radial displacement field, and the center
location of the displacement field. Once a soil’s moisture-
dependent suction-stress data is obtained, a least squares fitting is
applied to the suction-stress Eq 5 to optimally identify hydro-
mechanical parameters a and n of the soil. Comparisons of the DC
method with other methods on the SSCC, SWRC, and HCF can
be done and the validity of the DC method can be drawn.

Results for the Elastic Modulus Tests

Five soils are tested for their moisture-dependent elastic modulus,
and the results are shown in Fig. 3. The elastic modulus of Esper-
ance sand is relatively insensitive to the moisture content, remain-
ing around 3100 kPa for all saturations. As the cake is drying, the

elastic modulus of Elliot Forest silt follows a high increasing trend
for moisture content greater than 0.30; it increases from 800 kPa
at the moisture content 0.34 to 3000 kPa at the moisture content
0.30. Further drying shows a sharp transient of the increasing
trend from moisture content of 0.3–0.28, but exhibits much
smaller increasing pattern for moisture content less than 0.28. The
elastic modulus is at its highest at its residual state for 4500 kPa, a
5.6-fold increase in the elastic modulus from its saturated state.
For Golden silt, the elastic modulus follows a linear increasing
trend with the moisture-content reduction from �2000 kPa at the
saturated state to 5200 kPa at the moisture content of 0.13. Below
the moisture content of 0.13, the modulus asymptotically
approaches to 5400 kPa, a 2.7-fold increase from its saturated
state. Georgia kaolinite shows the most drastic variation in the
elastic modulus with varying moisture content among all soils
tested. Starting from its saturated state of moisture content 0.52,
the elastic modulus is 250 kPa. As the caking is drying, it follows
a high increasing trend for moisture content between 0.52 and
0.32, where the elastic modulus increases to 6100 kPa, a 24.4-fold
of increase. For the moisture content between 0.32 and 0.21, the
elastic modulus continues to increase slowly and reaches its maxi-
mum of 6500 kPa at moisture content 0.21, but then slowly
decreases for moisture content less than 0.21. It reaches 6100 kPa
at the residual state of moisture content of 0.08. This drastic varia-
tion will be discussed later. Denver bentonite follows a nearly lin-
ear increasing trend as the cake is drying. It is around 1000 kPa at
its full saturation of moisture content 0.38 and increases to
6300 kPa when the moisture content is 0.03, a 6.3-fold increase.

The above experimental results confirm that it is important to
consider changes in the elastic modulus caused by changes in
degrees of saturation. The above measured functional dependence
of the elastic modulus on moisture content will be used to quantify
changes in the elastic modulus in the first term on the right-hand
side of Eq 2 for its impact on the suction-stress changes.

Results for the DC Tests

The moisture-dependent radial displacement field for each soil
cake is measured by the afore-described PIV technique. For each
drying cake, a total of 20� 50 images are taken at different times.
The results of the displacement fields at some selected time (mois-
ture content) intervals for Esperance sand and Georgia kaolinite
are shown in Fig. 4. Among the five soils, Esperance sand has the
smallest total displacements (or strain) during the DC test on the
order of sub-mm (or 0.01 radial strain), whereas Georgia kaolinite
has much higher displacements (or strain) on the order of several
mm (or 0.1 radial strain) at the end of the DC tests. The displace-
ment vector fields shown in Fig. 4 are the difference between the
displacement vector fields at the two moisture contents shown on
the top of each image.

Several patterns can be observed from these displacement vec-
tor fields superimposed on the photo images. All the displacement
vectors converge to a unique center (shown as a white bull’s-eye
with a solid dot); the radial displacement ur is zero at the center
and increases with the distance r from the center location, as pre-
dicted by Eq 1b. Three of the five soils (Elliot Forest silt, Golden
silt, and Denver bentonite) show monotonically shrinking trend
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while the cakes are drying, whereas the two other soils (Esperance
sand and Georgia kaolinite) exhibit first shrinking then swelling
as the cakes are drying, as shown in Figs. 4(a), part f, 4(b), part e,
and 4(b), part f. The center location evolves as the cake is drying.
All of the three patterns are covered in the theory presented in
Appendix A. The converging radial displacement field during dry-
ing is described by Eq 1b. The monotonic and non-monotonic
behavior of the dependency of suction stress on moisture content
for different soil types is well covered in the SSCC theory (Lu and
Likos 2004, 2006; Lu 2008; Lu et al. 2010a). Specifically, the
SSCC theory predicts that when the pore-size distribution parame-
ter n< 2.0, monotonic suction-stress variation is expected, which

occurs in most natural soils with wide pore-sized distributions.
However, when the parameter n� 2.0, a non-monotonic SSCC is
expected, this occurs in some natural soils with gap-graded pore-
size distribution, such as loess, beach sand, and some clay. The
drifting of the center of the radial field is attributed to the small
but uncertain friction on the base, certain degrees of non-uniform
thickness of the cake, and non-homogeneity of the cake from the
cake preparation. The drifting of the cake also helps avoiding
crack development during the drying and keeps the total stress at
its minimum or near zero throughout the entire cake. The drifting
effect on changes in suction stress is fully captured by the third
term in Eq 3 with the knowledge of the trajectory of the

FIG. 3—Results of moisture-content-dependent elastic modulus for different soils: (a) Esperance sand, (b) Elliot Forest silt, (c) Golden silt, (d) Georgia kaolinite,
and (d) Denver bentonite.
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displacement center. Figure 5 shows the trajectories of the strain
center of the five soil cakes during the DC testing. From each lin-
ear segment, dr(h) can be quantified during the drying, as shown
in Fig. 5(b) (Elliot Forest silt) for the example moisture content
reducing from 0.34 to 0.32.

With the knowledge of E(h) from Fig. 3, r(h) and u(h) from
Fig. 4, and dr(h) from Fig. 5, the incremental suction stress at
each point (patch) on the cake at the moisture content h can be

fully quantified by Eq 2. Figure 6 shows the suction-stress
changes between two given moisture-content values for the entire
population of points on the drying cake for Esperance sand (Fig.
6(a)) and Georgia kaolinite (Fig. 6(b)). Based on the theory devel-
oped in Appendix A, at a given moisture content, suction stress is
a constant everywhere in the drying cake; it is invariant to the
location and only the radial displacement depends on the radial
distance. The incremental suction stresses shown in Fig. 6

FIG. 4—Selected radial displacement fields in responses to reducing in moisture content: (a) for Esperance sand and (b) for Georgia kaolinite.
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confirms the theoretical prediction; suction stresses deduced from
the displacement vector fields remain relatively unchanged cross-
ing the entire radial distance while they fluctuate around their
mean values. Thus, the mean suction-stress change at the moisture

content h (from two adjacent images) is obtained by averaging
entire population of the patches by Eq 3. For example, in the DC
testing of Esperance sand, suction stress varies from zero at full
saturation of moisture content 0.390 to -0.72 kPa at moisture

FIG. 5—Results of trajectories of center location of the drying cake for: (a) Esperance sand, (b) Elliot Forest silt, (c) Golden silt, (d) Georgia kaolinite, and (e)
Denver bentonite. Numbers represent the volumetric water content.
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content of 0.386, with the standard deviation of 0.13 kPa. Suction
stress continues to reduce as the caking is drying and the highest
reduction shown in the selected moisture increments occurs at
moisture-content reduction from 0.363 to 0.317 for about -

0.97 kPa. For moisture-content reduction from 0.142 to 0.107
(Figs. 4(a), part f and 5(a)), the drying cake shows swelling or
suction stress increase by 2.62 kPa. Such non-monotonic behavior
is also observed in Georgia kaolinite but the magnitude in suction-

FIG. 6—Changes in suction stresses in responses to reducing in moisture content: (a) Esperance sand and (b) Georgia kaolinite.
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stress changes is much higher. As shown in Fig. 5(b), the drying
cake initially is shrinking and suction stress is reducing (Fig.
6(b)). But when the moisture content reduces less than 0.291
(Figs. 4(b), part e, and 4(b), part f), the drying cake is expanding,
and the suction stress is increasing (Figs. 6(b5) and 6(b6)). The
physical explanation is offered later in this section.

The suction stress developed from saturated conditions hs to
the prevailing moisture content h is then calculated by Eq 4, as
illustrated in Fig. 7 for all five soils. Thus, each of the data point
shown in Fig. 7 represents the result of a three-step computation:
first, using Eq 2 to compute suction-stress changes by Eq 2 at
each moisture content over the entire population of patches by

using the moisture-dependent radial displacement fields shown in
Fig. 4, the corresponding elastic modulus changes in Fig. 3, and
the changes in the center location of the radial displacement field
in Fig. 5; second, averaging the resulting suction-stress change
shown in Fig. 6 by Eq 3; and third, numerically integrating
changes in suction stress by Eq 4. The relative errors for each suc-
tion stress are also shown in Fig. 7. The non-monotonic behavior
of Esperance sand and Georgia kaolinite is shown in Fig. 7(a) and
7(d), where a minimum suction stress of -2.1 kPa occurred at the
moisture content of 0.23 for Esperance sand and the minimum
suction stress of -200 kPa occurred at the moisture content of 0.3
for Georgia kaolinite. Suction stress for the other three soils

FIG. 7—Suction-stress data and fitted SSCCs for all soils from the DC tests: (a) Esperance sand, (b) Elliot Forest silt, (c) Golden silt, (d) Georgia kaolinite, and
(d) Denver bentonite.
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behavior monotonically with moisture content and generally
increases as soil becomes finer and drier. The non-monotonic
behavior in sand is well documented in the literature (e.g., Lu
et al. 2007, 2009). The shrinking-then-swelling behavior in kao-
linite is reported by Vesga (2009) who attributed this phenomenon
as the consequence of disappearance of water menisci among clay
particles. Following the suction-stress-based effective stress con-
cept, when a soil starts to de-saturate, interfacial areas where sur-
face tension acts first will increase and reach its maximum at
certain moisture content. Consequently, suction stress decreases,
i.e, more inter-particle attraction that pulls particles together and
shrinking in volume. Further drying will result in reducing in the
interfacial area and increasing in suction stress, leading to
swelling in volume. An experimental confirmation of the non-
monotonic interfacial area behavior is shown by computer-aid-to-
mography of variably saturated Ottawa sand in a recent work (Lu
et al. 2011). For most natural soils, because of the existence of
strong van der Waals attraction and its general increasing trend as
soil is drying, the resulting net suction-stress behavior monotoni-
cally with varying moisture content (Lu and Likos 2004).

For comparisons of SSCC, SWRC, HCF with other methods
on the same soils, a least-squares fitting is conducted on the
suction-stress data by using Eq 5 and the results are shown as the
solid curves in Fig. 7 including the fitted parameters.

Reproducibility of the DC Tests

To evaulate the reproducibility of the DC method, two types of
tests are conducted: (1) different trials on Golden silt, and (2)
Georgia kaolinite under different evaporation rates. The results
are shown in Fig. 8. From the three trials of identically prepared
Golden silt cakes, it is evident that the DC tests are repeatable, the
deduced SSCC is unique, and compared well with the independ-
ent TWRI test, shown as the dashed curve in Fig. 8(a).

The DC tests under different evaporation rates are also con-
ducted and used as a guideline for other tests. Because Georgia
kaolinite cakes take much longer time to dry than other soils, it is
used for this purpose and the results are shown in Fig. 8(b). For
trial 1, the cake was directly exposed to the room environment
with relative a low humidity (�15%), and it dried out in 30 h.
Trial 2 was conducted in the similar temperature but with a higher
relative humidity (�35%), and it took 60 h to dry. Trial 3 was
under controlled evaporation rate in the plastic container, and the
total time for the cake to dry is over 100 h. Figure 8(c) shows the
deduced SSCC from these three different evaporation rates. The
differences between trials 2 and 3 are indistinguishable, but a sig-
nificant difference between trial 1 and trials 2 and 3. Both trials 2
and 3 accord well with the SSCC obtained from the TWRI test
(Fig. 8(c)). It is concluded that a total drying time for 3–4 days is
sufficient to obtain the unique SSCC.

Comparisons of the DC, TWRI and Other Results

The fitting parameters from the DC tests shown in Fig. 7 are used
to plot the SWRC by Eq 6, the HCF by Eq 7, and the SSCC by
Eq 5 for all five soils, together with the SWRC, HCF, and SSCC
obtained from TWRI tests and other conventional methods

namely Tempe cell, filter paper, humidity chamber, and direct
shear. The results of these comparisons are shown in Figs. 9–13.

Figure 9 shows comparisons for Esperance sand, Fig. 10 shows
comparisons for Elliot Forest silt, Fig. 11 shows comparisons for

FIG. 8—Reproducibility of the DC method for: (a) different trials for Golden
silt, (b) different evaporation rates for Georgia kaolinite, and (c) reduced suc-
tion stresses from (b) for Georgia kaolinite.

12 GEOTECHNICAL TESTING JOURNAL
 

Copyright by ASTM Int'l (all rights reserved); Thu Mar  7 10:23:28 EST 2013
Downloaded/printed by
Univ+Of+Wisconsin-Madison pursuant to License Agreement. No further reproductions authorized.



Golden silt, Fig. 12 shows comparisons for Georgia kaolinite, and
Fig. 13 shows comparisons for Denver bentonite. Comparisons of
the SWRC, HCF, and SSCC between the DC method and TRWI
method for Esperance sand are excellent; all within a few % in

difference (Fig. 9). Note that both methods are able to capture the
non-monotonic behavior of suction stress in the sand while the
TWRI is “indirectly” predicting such mechanical behavior by
measuring soil–water release and imbibition behavior, whereas
the DC method “directly” quantifying this behavior through meas-
uring shrinking and swelling displacements. The soil–water-

FIG. 9—Comparisons of the SWRC, HCF, and SSCC for Esperance sand by
different methods.

FIG. 10—Comparisons of the SWRC, HCF, and SSCC for Elliot Forest silt by
different methods.
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retention data from the Tempe cell shown as solid dots in Fig.
9(b) further confirms the validity of the DC method for this soil.
Comparisons with the HCF obtained from the constant flow
method are fair; the HCF by the constant flow method is one

order of magnitude low. The porosity of the specimen for the
constant flow method is 0.03 smaller than that in the TWRI and
DC methods, which could be the reason for the discrepancy in
the HCFs.

FIG. 11—Comparisons of the SWRC, HCF, and SSCC for Golden silt by dif-
ferent methods. FIG. 12—Comparisons of the SWRC, HCF, and SSCC for Georgia kaolinite

by different methods.
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Comparisons between the TWRI and DC methods for Elliot
Forest silt shown in Fig. 10 indicate that the two methods gener-
ally accord well; the differences for the SWRC and HCF are
within a few %, and the SSCC difference is within a few %, but

increases considerably toward the low moisture-content range.
The suction-stress data deduced from the direct shear tests are also
depicted in Fig. 10 as the solid dots, where comparisons with the
DC method are within the same order of magnitude.

FIG. 13—Comparisons of the SWRC, HCF, and SSCC for Denver bentonite
by different methods.

FIG. 14—Comparisons of hydro-mechanical parameters of a, n, and hr

obtained from the TWRI and DC methods.
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Comparisons for the SWRC, HCF, and SSCC between the
TWRI and DC methods for Golden silt are illustrated in Fig. 11.
The results match well for moisture content greater than 0.25, but
some differences for moisture content less than 0.25. The DC
method predicts higher suction and suction stress and lower hy-
draulic conductivity within this range of moisture content; the dif-
ference is as high as one order of magnitude.

Comparisons for Georgia kaolinite are shown in Fig. 12. The
SWRCs, SSCC, and HCFs obtained from the TWRI and DC are
very close; the difference is barely noticeable. The soil–water-
retention data obtained from filter paper method and relative
humidity chamber (Likos and Lu 2003), as plotted in Fig. 12(a),
compare well with the SWRC from the DC method for this non-
swelling clay.

Finally, comparisons for the swelling clay-Denver bentonite,
as shown in Fig. 13, indicate excellent matches between the
TWRI and DC methods for the SWRCs, HCFs, and SSCCs. Fur-
ther comparison is shown in the soil–water-retention data by filter
paper method and relative humidity chamber, depicted as the solid
symbols in Fig. 13(a), where soil–water retention data show over
an order of magnitude higher than the SWRCs by either the
TWRI or DC. This is likely because of the fact that the previous
tests were conducted with Denver bentonite in powder form.

To assess the overall comparisons for all five soils, hydro-
mechanical parameters of a, n, and hr inferred from both the DC
and TWRI methods are directly compared, as portrayed in Fig. 14
and Table 2. Overall, all parameters follow well along the perfect
match line shown as the diagonal line. The errors are all within a
few %. Therefore, it is concluded that the DC method provides an
excellent fast, accurate, and simple method to measure the SSCC,
SWRC, and HCF of all types of soils under drying state.

Summary and Conclusions

A drying cake method is introduced for measuring the suction-
stress characteristic curve, soil–water-retention curve, and hydrau-
lic conductivity function of soils under drying conditions. The DC
method employs particle image velocimetry technique to acquire
digital still images of the radial displacement field of a disk-
shaped soil specimen during drying, whereas the moisture content
of the specimen is recorded by an electronic balance. A linear
elasticity theory employing the suction-stress-based effective
stress in both total and incremental forms is developed to calculate
suction stress, suction, and hydraulic conductivity from the

moisture-content-dependent displacement fields; thus permitting
definition of the SSCC, SWRC, and HCF of a soil. Five different
soils, representing a wide spectrum of soil varieties from pure
sand, to silt and organic silt, to non-swelling and swelling clays
are used to illustrate and test the principle and theory, the validity,
and applicability of the DC method. Established measurement
techniques for the constitutive relationships of unsaturated soils
such as the Tempe cell, constant flow, transient water release and
imbibition, and shear-strength relationships were used to validate
the DC method. The results from the DC method were found to
compare well with those techniques. Repeated DC tests confirm
that the results from the test are unique. It is shown that the DC
method is superior to other existing methods in: (1) providing sim-
ple and accurate data acquisition (involving taking sequential digi-
tal still images and monitoring specimen’s moisture content by an
electronic balance without use of suction or moisture probe), (2)
fast testing time (in less than 1 week for the primary drying path
of the SSCC, SWRC, and HCF), (3) concurrent measurement of
the SSCC, SWRC, and HCF by using one soil sample, and (4)
applicability to all types of soils under wide suction and moisture-
content conditions.

APPENDIX A: DERIVATION OF LINEAR ELASTICITY
SOLUTION OF SUCTION STRESS AS A FUNCTION
OF SOIL MOISTURE, ELASTIC MODULUS, RADIAL
DISPLACEMENT, AND MOVING COORDINATE CENTER

Governing Equations

The theoretical foundation of the measurement technique is
based upon the classical linear elasticity plane stress problem
in polar coordinates (Timoshenko and Goodier 1987). We
expand the classical linear elasticity into a suction-stress-based
effective stress and solve its analytical solution in both total
displacement and incremental stress forms. There are total 11
variables for completely defining total stress, effective stress,
strain, displacement, and suction stress in plane stress prob-
lems in polar coordinates. There are three total stress compo-
nents: stress in radial direction rr, stress in tangential direction
rb, and shear stress srb; three strain components: strain in ra-
dial direction er, strain in tangential direction eb, and shear
strain crb; two displacement components: displacement in ra-
dial direction ur, and displacement in tangential direction ub;
and two effective stress components: effective stress in radial

TABLE 2—Comparisons of hydro-mechanical parameters from the TWRI and DC methods.

aðkPa�1Þ n hr ksðcm=sÞ

Soils TWRI SC Tempe cell TWRI SC Tempe cell TWRI SC Tempe cell Constant head

Esparance sand 0.180 0.200 0.12 3.00 2.80 2.80 0.02 0.02 0.03 3.10E-4

Ellliot Forest silt 0.020 0.020 — 1.74 1.55 — 0.01 0.01 — 1.00E-4

Golden silt 0.020 0.030 — 1.27 1.21 — 0.02 0.02 — 2.40E-4

Georgia kaolinite 0.004 0.010 — 2.10 2.20 — 0.05 0.05 — 1.10E-4

Denver bentonite 0.019 0.020 — 1.41 1.40 — 0.09 0.10 — 5.44E-5
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direction rr
0 and effective stress in tangential direction rb

0; and
one suction-stress component: r s. Therefore, 11 independent
governing equations are needed and can be established by
theory of linear elasticity, namely, two force equilibrium equa-
tions, one compatibility equation, three stress–strain laws, two
effective stress laws, three strain-displacement laws, and one
suction-stress law. If the polar coordinates are set perpendicu-
lar to the gravity, there is no body force involved, and the fore
equilibrium equations are (Fig. 15):

@rr

@r
þ 1

r

@srb

@b
þ rr � rb

r
¼ 0 (A1)

1

r

@rb

@b
þ @srb

@r
þ 2srb

r
¼ 0 (A2)

The stress–strain relationship can be established by Hooke’s
law in terms of effective stress:

er ¼
1

E
r0r � �r0b
� �

(A3)

eb ¼
1

E
r0b � �r0r
� �

(A4)

crb ¼
1

G
srb ¼

2 1þ �ð Þ
E

srb (A5)

where er and eb are strains in radial and tangential directions,
respectively, crb is the change in the angle of the element, E is
the Young’s modulus of soil, and � is the Poisson’s ratio of
soil.

The effective stress, in term of suction-stress r s, can be
written as:

r0r ¼ rr � rs (A6)

r0b ¼ rb � rs (A7)

For small strain theory, the strain components can be written in
terms of the radial displacement ur, the circumferential dis-
placement ub:

er ¼
@ur

@r
(A8)

eb ¼
ur

r
þ 1

r

@ub

@b
(A9)

crb ¼
1

r

@ur

@b
þ @ub

@r
� ub

r
(A10)

The above equations state that the radial strain er is inde-
pendent of the circumferential displacement, whereas both eb
and crb are dependent of the radial and circumferential
displacements.

The compatibility equation, originally stemmed from strain
and geometry consideration, is commonly written in terms of
strains in rectangular coordinates:

@2ex

@x2
þ @

2ey

@y2
¼
@2cxy

@x@y
(A11)

where strain components in rectangular coordinates x and y
can be related to strain components in polar coordinates by
coordinate transformations.

Stress Solution

Equations (A1–A7 and Eq A11 defines eight variables in eight
equations. To solve total stress distributions, Eq A11 can be
recast in terms of total stresses by eliminating strains and effec-
tive stresses by Eqs A6–A7. Assuming suction stress is inde-
pendent of location in the domain at a given moisture content,
a valid assumption where moisture content remains uniform or
a constant within the domain, Eq A11 can be written:

@2

@x2
þ @2

@y2

� �
rr þ rb

� 	
¼ 0 (A12)

In linear elasticity, it is often to seek a scalar function or stress
function U (x, y), which satisfies Eqs A1, A2, and A11. Equa-
tions A1 and A2 will be satisfied if a function U satisfies the
following conditions:

rr ¼
1

r

@U
@r
þ 1

r2

@2U

@b2 (A13)

rb ¼
@2U
@r2

(A14)

srb ¼
1

r2

@U
@b
þ 1

r

@2U
@b@r

(A15)

In other words, one can show that Eqs A13–A15 satisfy Eqs
A1–A2. Substituting Eqs A13–A15 into Eq A12 with proper
coordinate transformations, one can arrive at a fourth-order or-
dinary differential equation for stress function U (r, b):

@2

@r2
þ 1

r

@

@r
þ 1

r2

@2

@b2

� �2

U ¼ 0 (A16)

If the plane problem is axisymmetric, i.e., U (r), Eq A16
becomes:

@2

@r2
þ 1

r

@

@r

� �2

U ¼ 0 (A17)

The general solution of the above equation is:

U ¼ A ln r þ Br2 ln r þ Cr2 þ D (A18)
FIG. 15—Illustration of polar coordinate system in plane stress linear theory
for a drying soil cake.
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The corresponding stress components defined by Eqs
A13–A15 is:

rr ¼
1

r

@U
@r
¼ A

r2
þ B 1þ 2 ln rð Þ þ 2C (A19)

rb ¼
@2U
@r2
¼ A

r2
þ B 3þ 2 ln rð Þ þ 2C (A20)

srb ¼ 0 (A21)

In the case of a circular soil domain without a hole at the origin
constants, A and B vanish, because otherwise the stress compo-
nents become infinite when r¼ 0. So for this circular soil do-
main, only one case of stress distribution symmetrical with
respect to the axis may exist, namely that when
rr¼ rb¼ constant.

Displacement Solution

Substituting Eqs A6–A7 into Eqs A3–A4, we have:

er ¼
1

E
rr � lrb � 1� �ð Þrs

 �

(A22)

eb ¼
1

E
rb � lrr � 1� �ð Þrs

 �

(A23)

For the circular soil domain without a hole at the origin Eqs
(A22) and (A23) become:

er ¼ eb ¼
1

E
rr � �rr � 1� �ð Þrs½ � (A24)

er ¼ eb ¼
1

E
1� �ð Þ rr � rsð Þ½ � (A25)

Equation 25 can be written as:

ur ¼
1

E
1� �ð Þ rr � rsð Þr½ � (A26)

For a circular soil domain without a hole and no friction at the
base and on the walls, the total radial stress term on Eq A26
becomes zero when the soil cake is left to dry freely. So Eq
A26 becomes:

ur ¼
1

E
� 1� �ð Þrsr½ � (A27)

Recognizing the moisture dependency of ur, E, and r s during
the drying test, Eq A27 becomes:

ur hð Þ ¼ 1

E hð Þ � 1� �ð Þrs hð Þr½ � (A28)

Suction-Stress Solution in Incremental Form

From Eq A28, suction stress is written in terms of ur, E, and r:

rs hð Þ ¼ � E hð Þur hð Þ
1� �ð Þr hð Þ (A29)

The above equation is Eq 1. The derivative of suction-stress r
s with respect to moisture content h is:

drs

dh
¼ � E hð Þ

1� �ð Þr hð Þ
dur

dh
� ur hð Þ

1� �ð Þr hð Þ
dE

dh
þ E hð Þur hð Þ

1� �ð Þr2 hð Þ
dr

dh

(A30)

To calculate the suction-stress change between two moisture
contents or at moisture content h, Eq A30 becomes:

Drs hð Þ¼� 1

1��ð Þr hð Þ E hð ÞDurþur r;hð ÞDE�E hð Þur r;hð ÞDr

r hð Þ

� 
(A31)

which is Eq 2.

APPENDIX B: MEASUREMENT OF ELASTIC MODULUS
OF MOIST SAND UNDER K0 CONDITIONS

For sandy soils, because it is generally difficult to conduct uni-
axial compression test, a laterally confined short cylinder is
used to contain the specimen for the measurement of elastic
modulus at different moisture content. If we start with Hooke’s
law;

ez ¼
r0z
E
� �

E
r0y þ r0x

� �
(B1)

Here ez denotes the vertical strain, rz is the vertical stress, E
is the modulus, � is the Poisson’s ratio, rx

0 and ry
0 are horizon-

tal effective stresses.
Under K0

0 conditions, the ratio of the horizontal effective
stress to the vertical effective stress are:

K 00 ¼
r0y
r0z
¼ r0x

r0z
¼ r0h

r0v
(B2)

Substituting Eq B2 into Eq B1, yields:

ez ¼
r0z
E
� �

E
2K0r

0
z

� 	
(B3)

From Eq B3, an incremental form under only changes in
vertical effective stress can be written as:

E ¼ Dr0z
Dez

1� 2�K 00
� 	

(B4)

Because during the vertical loading process, the sample is
under drained or constant moisture-content condition, the
change in the effective stress is equal to the change in the total
stress and K0

0 ¼K0, i.e.:

E ¼ Drz

Dez
1� 2�K0ð Þ (B5)

Lu and Likos (2004, p. 296) show that the at-rest coefficient
K0 is:

K0 ¼
�

1� � (B6)

Substituting Eq B6 into Eq B5 yields:

E ¼ ð1þ �Þð1� 2�Þ
ð1� �Þ

Drz

Dez
(B7)

The above equation is used as Eq 8 in interpreting the experi-
mental data for the elastic modulus of sand
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